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Frequency-Domain Analysis of Flexible Spacecraft Dynamics

S.C. Garg*
Ford Aerospace and Communications Corporation, Palo Alto, Calif.

Dynamics of a generic rigid spacecraft with arbitrary elastic appendages is analyzed in the frequency domain.
The usual modal expansions are avoided. An example is developed in detail: pitch/twist dynamics of Hermes.
Exact frequency-domain results, when compared with truncated modal expansions, show that better simulation
accuracy is possible if modes of the full spacecraft are used, rather than appendage modes. A key benefit of this
approach is the ease with which a configuration containing discrete dampers is analyzed.

I. Introduction

THE purpose of this paper is to illustrate some advantages
of taking a frequency-domain approach to the analysis of

flexible spacecraft dynamics. Virtually all analyses combining
dynamics and control are carried out in the time domain. The
time domain is indispensable for simulation purposes. How-
ever, savings in detail and often greater generality are possible
in the frequency domain. The two approaches are comple-
mentary, not competing. Frequency-domain concepts have
rarely been used, e.g., Poelaert.l Like the cited work, we shall
consider a generic class of flexible spacecraft for concreteness.
In the control systems field also, much recent activity has fo-
cused on frequency-domain methods; an excellent discussion
is given by MacFarlane.2

II. A Generic Problem
The class of spacecraft configurations of interest is illus-

trated in Fig. 1. Attitude and translational control of the cen-
tral rigid body is desired. Linearized motion equations for the
nonspinning central rigid body are given below. [Note: In this
section most symbols are vectors in E3, F ( r , r ] ) is a 3 x 3
matrix; only [s, t, o, ma, mb are scalars.]

mbd=Fe-E<l>i (1)

where d is translation of 0 relative to Fit and 6 is a vector of
infinitesimal Euler rotations taking F, to Fb. External force
Fe and torque Te act on the rigid component, and (/>', T' are
respectively the force and torque exerted (about the rigid-body
mass center) on the body by the /th elastic appendage. The ap-
pendage geometry is shown in Fig. 2.

The elasticity distribution and vibration characteristics of
an appendage are described by either partial differential equa-
tions and boundary conditions, or, equivalently, by an inte-
gral equation giving deflection d(r) due to force/at r — rl (a
superscript / i s understood):

d(r)=\ F(r,r})f(rI)dr} (2)

A volume integral is meant. This approach has been presented
in Ref. 3. The kernel F is symmetric and positive-definite,
since rigid-body modes have been excluded in Eq. (2). It con-
tains information on boundary conditions as well. The deflec-
tion 5 is taken relative to a frame rigidly fixed at the attach-
ment point.

Let us now assume (although the assumption can be relaxed
if necessary) that body and surface forces on the appendages
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are independent of the small deflection 5. They can then be in-
cluded in Fe, Te of Eq. (1). Similarly, active control torques
are assumed, relative to which small environmental torques
are negligible. The vibration frequencies are usually much
greater than the orbit frequency o>0. If no actuators are lo-
cated on the appendages, the only forces f ( r t ) are then

= -a[S(rj,t) +d(t) - ( r j +a)x§} (3)

where a is density, and a denotes the point of attachment of
the /th appendage relative to Fb. The symbol ( )* is the skew-
symmetric matrix isomorphic to the vector ( ).

The conventional approach to solving this problem intro-
duces modal expansions, using either appendage or spacecraft
modes, and uses orthogonality to obtain uncoupled equations
for the modal coordinates. These are then used to obtain, if
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Fig. 2 Dynamics of generic appendage.
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desired, transfer matrices that contain infinite sums. A gen-
eral treatment along these lines is given in Ref. 3.

An alternative is to apply the Laplace transform directly to
Eqs. (1-3). Substituting Eq. (3) into Eq. (2), and denoting La-
place transforms by a tilde yields

5(r)+s2\ F ( r , r I ) d ( r 1 ) d m
J A

F(r)r1)rl
xdmd-s2{ F(r,r})dm (d-ax§) (4)

J A

Here dm = a ( r ) d r } is a mass element. The solution of this lin-
ear equation is obtained by superposition, giving

S(r) = YI (r)d+ [ Y2 (r) - Y1 ( r ) a x

where Y} and Y2 are transforms which satisfy

Yj(r)+s2\ F(r,r1)Y](r])dm=-s2{ F
J/4 JA

(5)

Y2(r)+s \ F(r,rI
J A

(6)

) Y 2 ( r ] ) d m = s2

rigid bodies containing rotors, and sensors and actuators
mounted on the flexible bodies.

For vehicles having two planes of symmetry, translation
and rotation are uncoupled in Eq. (9). Then

7e(s)s2e=fe (10)

and the matrix I e ( s ) is termed the "inertance." The results
for I e ( s ) , and also Eq. (9), are directly useful in control-sys-
tem design and analysis in the frequency domain. In many
cases, closed-form results can be obtained from continuum-
mechanics analyses of appendages such as flexible solar ar-
rays and antenna booms.

III. A Particular Problem
The utility and economy of the above approach will be illus-

trated by the pitch/twist dynamics of a satellite with flexible
solar arrays of the Hermes type. Modal-expansion results for
this problem are discussed in the literature.4 Figure 3 shows
the Hermes satellite and one solar array. The blanket support-
ing solar cells can be modeled as a membrane in tension. In
twisting, the support boom acts as a discrete spring at the ar-
ray tip. The model of Ref. 4 is generalized here to include
dampers at the root and tip. Figure 4 shows the idealized solar
array. Following Fig. 2, a reaction torque Tis applied at the
root, which twists an angle 6. (In this and following sections,

These integral equations have bounded solutions, except for a
discrete set of values of s, if F ( r , r } ) is positive definite.
Yj (r,s) and Y2 (r,s) can also be obtained from a differential-
equation representation of the appendages. The solutions de-
pend only upon the properties of the /th appendage.

The reaction force (/>' and torque T' are obtained by bal-
ances taken at the attachment point. This requires substitution
of Eqs. (5) and (6) into Laplace transformed Eq. (3), and com-
puting net force and torque at the attachment point. In trans-
form notation, one gets

f(s) = s2 fdd(s) + TeB(s) ]

where

(7)

• ( Y,(r)dm $e=( Y 2 ( r ) -rx- Y, (r)axdm
J A J A

(8)

,=Ia+}Ar*(Y2(r)-a*]dm

Here ma and lu respectively the mass and inertia matrix
(about the attachment point) of the appendage, and 1 is the
unit matrix.

It is now possible to write, from Eq. (1), the rigid-body mo-
tion equations:

fd=

Fig. 3 Hermes spacecraft with one
solar array.

(9)

Assembly of these equations is easy once the appendage coef-
ficient matrices are available.

It is emphasized that Eq. (9) holds, regardless of how $^
etc., are obtained. Apart from exact solution from an integral
or differential-equation approach, expansion in appendage
normal modes or approximate methods such as Rayleigh-
Ritz, Galerkin, or finite elements may be used. Similarly, the
above approach can be readily extended to nonrigid connec-
tions, including discrete springs or even dampers. Further ex-
tensions can be foreseen to structures involving closed loops,
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Fig. 4 Discrete distributed dynamics model for one array.
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all quantities are scalars—vectors are boldface.) The blanket
is under uniform tension P, and has density cr, width w, and
deflection v(x,y) = —xa(y). Its motion equation is then

(11)

The motion of the root piece satisfies

~mr

= -kr'a(0)-cr'd(0) ——
W

-X2a'(0)dx

The last term is the torque due to the membrane. Introducing
kr = 12£//w2, cr = 12c//w2 and simplifying, this yields

mr [ff+d(0) ] + Pct' (0) + crd(0) + krct(0) =0 (12)

Similarly, for the tip piece,

mt [0 + d ( l ) ] + Pa' (I) + ctd(l) +kta(l) =0 (13)

The above equations could be used to obtain the kernel
F ( r ) r ] ) of Sec. II, but it is simpler (and illustrative) to pro-
ceed directly. Laplace transforms (with respect to time, with
zero initial conditions) are taken of Eqs. (11-13). Equation
(11) becomes an ordinary differential equation involving 5,
which is simply solved:

d (s) = — 1)6 (14)

where A0, Be are obtained by solving Eqs. (12) and (13) simul-
taneously, which gives

Bfi

where

ztC+asPS -zr

asP

r

(15)

S^sinh als C=cosh als a2 = aw/P

and

zrj( = (ms2 +cs + k ) r t

= asPCz(+a2s2P2S- (zrz{S + asPCzr) (16)

The relation between Tand 6 can be easily derived, since

r--
1̂2

i t r» w/2
1 x2 ot(y)dxdy

0 J -w/2
(17)

Taking the Laplace transform and making the appropriate
substitutions,

(18)

where /„, is the inertance:

This result, obtained with remarkable ease compared to the
modal expansion approach, includes damping: Iae depends on
(cr,ct) as well as (kr,kt) through Eq. (15). The inertance is
analogous to inertia for a rigid body; indeed it can be shown
that

lim
s~0 = /„ SE rigid inertia (20)

There are two symmetrically located arrays on Hermes. This
permits uncoupling of translation and rotation of the rigid
body. In symmetric twisting of the two arrays, the rigid-body
motion in response to external torques can be seen to obey

Te(s)=Ie(s)s2B Ie(s)=Ib+2Iae(s) (21)

Once again, Ie(0) is the rigid moment of inertia (Ib = rigid
body inertia). This shows the ease of combining inertance ex-
pressions of constituent bodies of a spacecraft. This can be
done regardless of the methods used to obtain Iae (s), includ-
ing approximate ones.

IV. Comparison with Modal Results
The closed-form results of Eqs. (19) and (21) are not di-

rectly comparable to modal results in the literature, for the
latter exclude damping. Several special cases can be com-
pared, however. Without damping, one obtains the result4:

(22a)

(22b)-'(-£ s2Kn

where /= rigid inertia.
The (un,tin) are termed the unconstrained and constrained

natural frequencies respectively.4 The (un } are the zeroes of
I e ( s ) , i.e., natural frequencies of the entire spacecraft (since
at wn, external torque = 0). The ( Q W J are poles of
Ie (s)— from Eq. (21), also the poles of Iae(s), i.e., natural
frequencies of the appendages alone (since from Eq. (18),
0 = 0, and the support point is motionless). In the case treated
in Ref. 4,'£,=c,=c r=0, kr-* oo, and the root mass mr is in-
cluded in the rigid-body inertia, hence mr = 0. For this sim-
plest case, Eq. (19) is reduced to

(23)12as

Clearly, both poles and zeroes of Eq. (23) lie on the imaginary
axis. Putting 5—yw, and setting the denominator to zero, gives
the same equation as derived in Ref. 4 for the constrained fre-
quencies. Setting the numerator of Ie(ju>) corresponding to
Eq. (23) to zero gives the equation in Ref. 5 for unconstrained
frequencies. Finally, since Eq. (23) has an infinite number of
distinct poles, a partial-fraction expansion of it can be carried
out, once the {!]„) are known. Then one obtains Eq. (22b),
the {Kn } being found as coefficients in the partial-fraction ex-
pansion. This result for Kn agrees with the (closed form) re-
sult in Ref. 4, derived by modal techniques. Details of all
these equivalences are available in Ref. 5.

V. Truncation Errors
Truncation of the infinite sums in Eq. (22) is unavoidable

for time-domain simulation. The closed-form expansion Eq.
(23), and the corresponding Ie(s), are directly useful in fre-
quency-domain methods for control system analysis and de-
sign. Comparing Eq. (23) with truncated versions of Eq. (22)
is of obvious interest. Attitude response is obtained from

(19) B(s)=s-2I-1(s)Te(s) (24)
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From Eq. (22a) it appears that

(25)

is the correct expression for the exact 7~7 to N terms in its par-
tial-fraction expansion. The only errors arise from truncation,
for a given Te (s) . However, even the truncated inverse of Eq.
(22b) is incorrect, for

(26)

This incurs additional errors due to the approximations
&„' «&„, un~un. This indicates that for given TV, the U (un-
constrained)-mode expansion gives better simulation accur-
acy. When expanding Ie rather than 7~7, the same reasoning
indicates C (constrained) modes to be better.

A quantitative comparison of Ie with Ieu (N) and Iec (N) is
best carried out in dimensionless terms. The nondimensionali-
zation scheme will reduce the number of significant spacecraft
parameters. Hence, we introduce the parameters

and

where

= (owl2IP) l/2 (27)

Here 0* is a flexibility parameter, and m*, If are mass pa-
rameters. The effect of decreasing Q is to reduce the spacing
between dimensional frequencies, and If corresponds to the

degree to which the spacecraft is rigid. As 7£ —> 1, the frequen-
cies {!}„), [ u n ] coalesce4 since the spacecraft becomes al-
most rigid.

We are now ready for quantitative comparisons. Of partic-
ular interest are the errors

(28)
AIec = Iec (N) - Ie A7ew - Ieu (N)-Ie

A/-' =1-' (N) -I-1 A/-' = /-' (N) -I-1

where a dependence on s is understood. It follows directly that

(29)

in appropriate nondimensional terms. Clearly, AIec becomes
unbounded at frequencies (!}„, n > N ] , and AIe~1 becomes
unbounded at ( w n , n>N}. In practice, this difficulty is obvi-
ated by the fact that the torques Te (s) usually have finite
bandwidth. Therefore, comparisons are made only for fre-
quencies below wn+j or 0N+;, as the case may be.

Consider first a relatively flexible spacecraft, with m* =0.5,
If =0.1, and 0* = 1.0. Figure 5 shows the errors incurred with
just one mode: N= 1. The dashed lines mark the exact C-fre-
quencies or poles of Ie, and the dotted lines mark exact U-fre-
quencies or zeroes of Ie. Even with N= 1, it is clear that for a
given accuracy (of simulation results), the unconstrained ex-
pansion is valid over a larger range of o>*. However, for an
applied torque of bandwidth < «1.7, the C-expansion gives
more accurate results. These observations are in accord with
the author's simulation experience. Note, however, that the
inertance itself is better approximated by C-modes.

Taking a larger N does not change these conclusions. The
case 7V=4 is shown in Fig. 6, over a larger range of w*. Only
errors in 7~7 (corresponding to simulation accuracy) are
shown. The err or AI~* becomes unbounded at the exact U-
frequencies, i.e., poles of 7~7. This is borne out by Eq. (26),
which shows that at s =jun, while Ie — <x>, I~1 remains finite.
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Fig. 5 Errors in inertance and inverse inertance for one mode.
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Fig. 6 Inverse inertance errors—model parameters as shown, N=l.
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Fig. 8 Inverse inertance errors for "more rigid" case—model
parameters as shown.

It also shows that at s =jftn, both/e77 and/~7 are zero, which
explains the zero error at [Qn] in Fig. 6 (&„ indicated by
dashed lines). I~* is zero for all Qn , even for n>N.

Consider now a "more rigid'' spacecraft, with Ig = 0.5, and
AW* =0.1, 12* = 1 as before. The errors in I~! with 7V=4 are
shown in Fig. 7. With increased Ig, the separation between Qn
and ww (for equal n) is reduced. This means that the C-expan-
sion is valid over a larger portion of the co axis. It is, however,
still preferable to use the (/-modes for simulation. An even
more rigid case, with If = 0.9 and N= 3, is shown in Fig. 8. In
this case, the dashed (tin) and dotted (un) lines are practically
coincident. Of course, this coincidence is not exact,
andl~c

! (jun) is still unbounded. However, except at these
singularities, the err or sA/e~; andA/e~7 are remarkably simi-
lar. Thus/^7 and/e~7 may appear to be equally appropriate
for simulation, but gross errors will still result if the torque
spectrum contains energy near s =jun.

The effect of damping will no doubt be to eliminate singu-
larities along the imaginary axis. It is only necessary to ex-
pand Eq. (21), with cr, c, 5*0, in partial fractions yielding

Fig. 7 Inverse inertance errors—model parameters as shown, N- 4.

(30)

The damping factors £"„ are simply calculated. The power of
this frequency-domain approach is seen by comparing the
ease of obtaining Eq. (30) with a similar analysis for the
damped case, which would require using complex modes and
orthogonality conditions.
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VI. Mean-Square Errors
Another approach to obaining truncation errors is based

on ParsevaPs theorem for a given signal x:

(x2(t)dt=—{ \x(ju) 12dco (31)
Jo 2ir J -oo

Now let x be the simulation error in the response 0 to a torque

= (l/s2)AI-u
](N;s)Te(s) (32)

where A/e~7 is given by Eq. (29). Now, Eq. (31) yields the inte-
grated mean-square simulation error in the impulse response
(fe = 1), denoted eN, given by

(33)

where M~u
! for N terms is given by the second of Eqs. (29).

However, upon substituting Eq. (29) into Eq. (33) and inte-
grating, one obtains an infinite value for eN. Physically, this
occurs because the error x(t) consists of terms of the form
bnsinunt, which are not square-integrable functions. In prac-
tice, the torque T e ( s ) is band-limited, reducing the error.
However, if Te(s) contains finite energy at any spacecraft
frequency wn, then, in the undamped case, infinite mean-
square error will result.

A meaningful result can be obtained when the damped case,
Eq. (30), is considered. If only TV modes are kept, we obtain

(34)

It is difficult to evaluate this integral directly; however, upper
and lower bounds on its value can be obtained from the
inequalities

(\x\2du>\ (xdu

The first inequality, evaluating the integral by partial frac-
tions, gives only that eN>0. The second inequality can be
evaluated similarly, yielding

(35)

where

Since usually, only small damping will be provided,
particularly for large n. Hence Eq. (35) simplifies to

(36)

This result confirms that the upper bound^oo as fn —0. In its
present form, it is not directly useful. However, it may be
possible to derive an identity for the sum Eq. (36) from n = 1
to oo. Similar modal identities have been derived for the
undamped case.4 However, as of this writing, an identity for
the damped case, applicable to Eq. (30), remains in the future.

VII. Concluding Remarks
The main contribution of the present paper has been to

show that frequency-domain dynamics analysis can be
economical and productive. Especially for multicomponent
structures, including discrete springs and dampers, this ap-
proach is convenient. In principle, the analysis could be
extended to linearly elastic structures composed of all-flexible
bodies. Each type of component structure—e.g., a Hermes-
type solar array—can be analyzed in advance, once and for
all, and used in deriving the analogs qf Eqs. (7) and (8).

The analysis of truncation errors given in Sec. IV,
establishes conclusively that (at least for this problem) for
simulation purposes, t/-modes or spacecraft modes give more
accurate results than C- or appendage modes. The only ex-
ception to this occurs if the input torque bandwidth is of the
order of ti7, as seen from AJe~! in Fig. 5. Some general
features of the quantitative results in Figs. 5-8, such as
singularities and zeroes of A/e~7 (s) and M~* ( s ) , clearly ap-
ply in the general context of Sec. I. The relative advantage of
using (/-modes increases with increasing flexibility. This
would indicate that for all-flexible structures, natural modes
of constituent bodies would be highly inappropriate for
simulation purposes.

Several applications of this approach are possible in
combination with frequency domain control theory. Nyquist
stability analysis, root locus plots, analysis of feedback
control systems, are all feasible, and are quite accurate and
convenient when the exact I* (s) is available. There have been
rapid advances lately in multivariable controller design using
transfer matrices, and for nonlinear systems, e.g. using
positivity theorems.6 The telescoping of a large or infinite-
order state space into finite-order transfer matrices leads to
obvious savings. Most flexible spacecraft yield completely
controllable and observable systems, so that this economy is
useful. In many spacecraft, such as the example chosen,
single-input single-output systems (with infinite-order state
space) result with clear advantages in controller design. The
author hopes to see increased application of frequency-
domain methods in both dynamics and control.
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